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Abstract
In the present paper we consider a general family of two dimensional
wave equations which represents a great variety of linear and nonlinear
equations within the framework of the transformations of equivalence
groups. We have investigated the existence problem of point transfor-
mations that lead mappings between linear and nonlinear members of
particular families and determined the structure of the nonlinear terms of
linearizable equations. We have also given examples about some equiv-
alence transformations between linear and nonlinear equations and ob-
tained exact solutions of nonlinear equations via the linear ones.
keywords: Lie Group Application; Equivalence Transformations; Exact Solu-
tion; Nonlinear Wave Equation
1 Introduction
Several system of partial differential equations contain some arbitrary functions
or parameters. Such systems represent a family of equations of the same struc-
ture. Almost all field equations in continuum physics involve some arbitrary
parameters since they describe certain common or similar behaviors of diverse
materials. Equivalence groups are groups of transformations which leave a given
family of equations invariant. They map an arbitrary member of the family onto
another member of the same family of equations, so that they transform a known
solution of an equation into a solution of another equation in the same family.
It was first noted by Lie [1] that every invariant system of differential equations
[2] and every variational problem [3] could be directly expressed in terms of
differential invariants. Lie’s preliminary results were generalized by Tresse [4]
and the first systematic treatment was formulated by Ovsiannikov [5] who had
observed that the usual Lie’s infinitesimal invariance approach could be em-
ployed in order to construct equivalence groups.
Various well-developed methods have been used to construct equivalence trans-
formations. The general theory of determining transformation groups and algo-
rithms can be found in the references [5–8]. In the present work, we employ the
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results obtained by S¸uhubi [9] for second order quasilinear partial differential
equations. The method he used, depends on a geometrical approach based on
Cartan’s [10] formulation of partial differential equations in terms of exterior
differential forms. It was first formulated in a seminal paper by Harrison and
Estabrook [11] and explored further by Edelen [12]. We can refer the reader for
more general results and applications to [13, 14] and [15]. The reader may also
have a look at the work on determining exact solutions of nonlinear diffusion
equation by O¨zer [16] to see some particular applications.
Nonlinear wave equations have been taken great interest by many researchers
in the works of application of Lie Groups. Equivalence groups of some mem-
bers are examined to inversitage the group classification, differential invariants,
linearization problem and so on. Equivalence transformations for a special one
dimensional nonlinear wave equation utt − uxx = f(u, ut, ux) are studied by
Tracina [17], she has determined solutions of nonlinear equations via differential
invariants. Group classification of a one dimensional family of equation with
nonlinearity on the coefficient uxx is given by Song et.al. [18], in their study
they have not investigate the linearization problem. Ibragimov et al. [19] have
considered the wave equation with nonlinear force term within the frame work
of equivalence transformations, and a part of their result on properties of the
equation to be quasi self-adjoint is supported by our results in this paper. To
understand the algebraic structure of such problems, we reommend the reader
the work of Bihlo et al. [20], in which a family of one dimesional nonlinear
wave equation has been examined in detail. Another study on the complete
group classification of one dimensional nonlinear Klein-Gordon equations has
been done by Long et al. [21]. Just recently, Ibragimov [22] has considered the
problem of determining exact solutions for a class of nonlinear two dimensional
wave type equation by using conservation laws.
The aim of the present paper is to investigate the admissible point transforma-
tions for a general family of two dimensional wave equations between its linear
and nonlinear members. We have obtained the infinitesimal generators of equiv-
alence groups for the most general family and then by applying restrictions on
the nonlinear terms, we have determined the structures of admissible transfor-
mations. After giving some details about the method in the Introduction, in
the second section we have obtained the determining equations for equivalence
groups for the family. In the third section we have investigated the functional
dependencies of nonlinear equations that can be mapped onto linear equations
via appropriate infinitesimal generators of the transformations. The results are
given in a table. In the last section we have given some examples on particular
maps and details about how to find the exact solutions of nonlinear equations via
equivalence transformations. Since such wide class of (2+1) dimensional wave
equations has not been considered within the frame work of the Lie‘s transfor-
mation groups in the literature before, the results obtained here are original and
represent a general view of linearizable equations.
A brief summary of this work was presented at the International Conference
on Mathematics ”An Istanbul Meeting for World Mathematicians” Istanbul,
Turkey, 3-6 July 2018 [23].
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2 Equivalence Transformations
In the present paper we shall examine the group of equivalence transformations
of a general family of two dimensional wave equations
utt = f(x, y, t, u, ux, uy, ut)x + g(x, y, t, u, ux, uy, ut)y + h(x, y, t, u, ux, uy, ut)
(1)
which represents a great variety of linear and nonlinear wave type equations.
The study will focus on investigation of admissible transformations between
linear and nonlinear wave equations that can be expressed as members of the
family of equations given by the equation (1). Here u is the dependent variable
of the independent variables x, y, t and f, g, h are smooth nonconstant functions
of their variables, subscripts denote the partial derivatives with respect to the
corresponding variables. We shall investigate all admissible point transforma-
tions x¯, y¯, t¯, u¯, f¯ , g¯, h¯ yield
utt = fx + gy + h −→ u¯t¯t¯ = f¯x¯ + g¯y¯ + h¯ (2)
where (¯.) denotes the transformed variables and functions.
Let M = N × R be a (2+1) dimensional manifold with a local coordinate
system x = (xi) = (x, y, t) which we call as the space of independent variables.
Consider a trivial bundle structure (K, π,M) with fibers are the real line R.
Here M is the base manifold and K, called the graph space is globally in form
of a product manifold M× R. We equip the four dimensional graph space K
with the local coordinates (x, u) = (x, y, t, u).
A vector field on K is a section of its tangent bundle and locally in form
V = ξ1
∂
∂x
+ ξ2
∂
∂y
+ ξ3
∂
∂t
+ η
∂
∂u
(3)
where ξ1, ξ2, ξ3 and η are
ξi = ξi(x, y, t, u), η = η(x, y, t, u).
In order to construct the equivalence groups which are much more general than
the classical symmetry groups, first we extend the graph space K by adding the
auxiliary variables:
{vj =
∂u
∂xj
, f, g, h}.
And to recognize the functional dependencies of the functions f, g and h we
also add
s1j = fxj , s
2
j = gxj , σ
1 = fu, σ
2 = gu, s
1j = fvj , s
2j = gvj ,
tj = hxj , t
j = hvj , τ = hu
(4)
to K, where j = 1, 2, 3 and represent x, y, t, respectively. The coordinate cover
of the extended manifold can now be written as
K˜ = {xj , u, f, g, h, vj, s
1
j , s
2
j , σ
1, σ2, s1j , s2j , tj , t
j , τ}. (5)
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The prolongation vector V˜ over the extended manifold covered by K˜ is written
as
V˜ = V + µ1
∂
∂f
+ µ2
∂
∂g
+H
∂
∂h
+
3∑
j=1
[
ζj
∂
∂vj
+
2∑
i=1
(Sij
∂
∂sij
+ Sij
∂
∂sij
)
+T j
∂
∂tj
+ Tj
∂
∂tj
]
+
2∑
i=1
Si
∂
∂σi
+ T
∂
∂τ
(6)
where the coefficients are called the infinitesimal generators of the transforma-
tion group. The equivalence group generated by the vector field (6) can then be
determined by integrating the following system of ordinary differential equations
in terms of the group parameter ǫ
dx¯i
dǫ
= ξi(x¯j , u¯),
du¯
dǫ
= η(x¯j , u¯),
df¯
dǫ
= µ1(x¯j , u¯, v¯j , f¯ , g¯, h¯),
dg¯
dǫ
= µ2(x¯j , u¯, v¯j , f¯ , g¯, h¯),
dh¯
dǫ
= H(x¯j , u¯, v¯j , f¯ , g¯, h¯)
(7)
under the initial conditions
x¯j(0) = xj , u¯(0) = u, f¯(0) = f, g¯(0) = g, h¯(0) = h. (8)
To determine the infinitesimal generators of the admissible transformation group
for the general wave equation given by (1), namely the coefficients of the pro-
longed vector field (6), we shall use the method derived by S¸uhubi [9] in the
following section.
2.1 Determining Equations
Note that the (2+1) dimensional general wave equation (1) can be written as a
first order equation as
v3t = fx + gy + h (9)
which can be expressed as a single balance equation given as follows
∂Σi
∂xi
+Σ = 0 (10)
by calling
Σ1 = f, Σ2 = g, Σ3 = −v3, Σ = h. (11)
A vector field on the tangent space of the extended manifold for the balance
equation (10) is written as follows:
˜˜
V =
3∑
j=1
(
ξj
∂
∂xj
+ µj
∂
∂Σj
+ ζj
∂
∂vj
)
+ η
∂
∂u
+H
∂
∂Σ
+ . . . (12)
where . . . represents the terms related to the additional variables written by
the functional dependence of Σi and Σ, exactly in the same way in (4). The
generators formula for the coefficients of the vector field (12) related to the
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independent, dependent variables and the arbitrary functions in the family of
equations are determined in [9] as
ξi = −φi(xj , u), η = η(xj , u),
ζi = Dxiη + (Dxiφ
j)vj ,
µi = (w +
∂φj
∂u
vj)Σ
i − (Djφ
i)Σj + αijvj + β
i,
H = (w +
∂φi
∂u
vi)Σ−Dxiµ
i
(13)
where Dxi =
∂
∂xi
+ vi
∂
∂u
, αij = −αji, and w, αij , βi are general smooth
functions of (xi, u). We can directly employ the results given by (13) in order
to find the components of the vector field (6) for the family of wave equations
by considering the relations (11). We shall write the following using the very
well-known chain rule,
∂
∂v3
→
∂
∂v3
+
∂
∂Σ3
∂Σ3
∂v3
=
∂
∂v3
−
∂
∂Σ3
.
From this it is straightforward to notice that
ζ3 + µ
3 = 0 (14)
where the relevant infinitesimal generators are explicitly
ζ3 = Dtη − (Dtφ
j)vj ,
µ3 = (Dtφ
3 − w −
∂φj
∂u
vj + α
33)v3 − (Dxφ
3)f − (Dyφ
3)g − α13v1 − α
23v2 + β
3
Using ζ3 and µ
3 in the determining equation (14) we have the following results
φ3 = φ3(t), α13 = φ1t , α
23 = φ2t , β
3 = −ηt, w = α
33 + 2φ˙3 + ηu. (15)
Thus the infinitesimal generators of most general admissible equivalence trans-
formation for the wave type equations given by (1) are explicitly written as:
ξ1 = −φ1(x, y, t, u), ξ2 = −φ2(x, y, t, u), ξ3 = −φ3(t), η = η(x, y, t, u),
ζ1 = ηx + ηuv1 + (ξ
1
x + ξ
1
uv1)v1 + (ξ
2
x + ξ
2
uv1)v2,
ζ2 = ηy + ηuv2 + (ξ
1
y + ξ
1
uv2)v1 + (ξ
2
y + ξ
2
uv2)v2,
ζ3 = ηt + ηuv3 + (ξ
1
t + ξ
1
uv3)v1 + (ξ
2
t + ξ
2
uv3)v2 + ξ˙
3v3
µ1 = (ηu + α
33 + 2ξ˙3 + ξ2uv2 − ξ
1
x)f − (ξ
1
y + ξ
1
uv2)g + α
11v1 + α
12v2
+ (2ξ1t + ξ
1
uv3)v3 + β
1,
µ2 = (ηu + α
33 + 2ξ˙3 + ξ1uv1 − ξ
2
y)g − (ξ
2
x + ξ
2
uv1)f − α
12v1 + α
22v2
+ (2ξ2t + ξ
2
uv3)v3 + β
2
(16)
and H can be evaluated by the last formula given in (13).
These expressions do not impose any restriction on functional dependencies of
the smooth functions f, g and h. If some variables do not appear in the co-
ordinate cover of the extended manifold (5), due to a particular structure of
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the given differential equation, that might entail some restrictions on the in-
finitesimal generators of the group because the corresponding components on
the extended manifold must then be set zero. In the following section we shall
investigate these in details.
3 Admissible Transformations Between Linear
and Nonlinear Equations
Here we examine the possibilities of linearization problem for two dimensional
nonlinear wave equations via point transformations. It is obvious that the in-
finitesimal generators (16) for the general wave type equations allow mappings
between linear and nonlinear members as the forms of the transformations are
x¯ = x¯(x, y, t, u, ǫ), y¯ = y¯(x, y, t, u, ǫ), t¯ = t¯(t, ǫ), u¯ = u¯(x, y, t, u, ǫ). (17)
These transformations span a wide group of mappings between nonlinear and
linear members of the family (1). Some examples are given in the next section.
But it is certain that not every nonlinear wave equation be transformed into a
linear equation. Here we shall try to give answer to the question ”which type
of nonlinear equations can be linearized under the subsets of these point trans-
formations?”. Precisely, what are the functional dependencies of the arbitrary
functions f, g and h in order to ensure the nonlinear equation is mapped onto
a linear one or vice versa.
To answer such questions and construct the nonlinear structure of the arbitrary
functions that can be linearized, we restrict their functional dependencies and
examine the effects on the infinitesimal generators, namely on the equivalence
transformations. Every particular restriction on the functional dependencies
makes the corresponding additional variable in (4) vanish, so that correspond-
ing component of the vector field (6) must be taken zero. The components of
the vector field for the additional variables (4) are evaluated by the following
formulas:
Sij =
∂F i
∂xj
+
∂F i
∂Σk
skj +
∂F i
∂Σ
tj , S
i =
∂F i
∂u
+
∂F i
∂Σk
σk +
∂F i
∂Σ
τ,
Sij =
∂F i
∂vj
+
∂F i
∂Σk
skj +
∂F i
∂Σ
tj , Ti =
∂G
∂xi
+
∂G
∂Σj
s
j
i +
∂G
∂Σ
ti,
T =
∂G
∂u
+
∂G
∂Σj
σj +
∂G
∂Σ
τ, T i =
∂G
∂vi
+
∂G
∂Σj
sji +
∂G
∂Σ
ti,
(18)
where F i = −sijξ
j − σiη − sijζj + µ
i, G = −tiξ
i − τη − tiζi +H.
3.1 Case
∂f
∂ut
= 0
Let the arbitrary function f be f = f(x, y, t, u, ux, uy) in the equation (1).
Lemma 1. The particular form of wave type equation
f(x, y, t, u, ux, uy)x + g(x, y, t, u, ux, uy, ut)y + h(x, y, t, u, ux, uy, ut) = utt (19)
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admits the following equivalence transformations:
x¯ = x¯(x, ǫ), y¯ = y¯(x, y, t, u, ǫ), t¯ = t¯(t, ǫ), u¯ = u¯(x, y, t, u, ǫ). (20)
Proof. When ∂f
∂ut
= 0, one of the additional variables (4) in the extended man-
ifolds coordinate cover vanish: s13 = 0, thus the corresponding component on
the vector field must be taken identically zero:
S13 = 0. (21)
Writing that explicitly from (18) we have the following
S13 = 2
∂F 1
∂v3
+
∂F 1
∂g
s23+
∂F 1
∂h
t3, F 1 = −s11ξ
1−s12ξ
2−s13ξ
3−σ1η−s11ζ1−s
12ζ2+µ
1.
Note that F 1 does not depend neither on s23 nor on t3, thus the determining
equation (21) yields
∂F 1
∂v3
=
∂F 1
∂g
= 0.
Moreover F 1 involves s11 and s12 without any dependence of its components of
vector field coefficients, moreover because ξi‘s are independent of both v3 and
g, these equations can be reduced into
∂ζ1
∂v3
=
∂ζ2
∂v3
=
∂µ1
∂v3
= 0 (22)
and
∂µ1
∂g
= 0. (23)
From (16), one can simply see that the first two equations of (22) are directly
satisfied since ζ1 and ζ2 are independent from v3, whereas the last equality, by
using µ1 from (16) gives
∂ξ1
∂t
=
∂ξ1
∂u
= 0.
Equation (23) by a similar analysis yields
∂ξ1
∂y
= 0.
Thus the last results ensure that the infinitesimal generator ξ1 and the equiva-
lence transformation for the local coordinate x must be in the following form
ξ1 = ξ1(x) ⇒ x¯ = x¯(x, ǫ). (24)
Because there is no restriction on the other generators, the proof ends here.
As a result of the Lemma, since the transformations of both y¯ and u¯ involve
the dependent variable u, we write the following corollary.
Corollary 1. The special type of wave equations given by (19) admit maps
between its linear and nonlinear members via the equivalence transformations
given by (20).
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3.1.1 Case
∂f
∂ut
= h = 0
In addition to the previous case when there is no nonhomogeneous term in
the family of equations; h = 0, transformations between linear and nonlinear
members are restricted by the following theorem.
Theorem 1. The particular family wave type equations
f(x, y, t, u, ux, uy)x + g(x, y, t, u, ux, uy, ut)y = utt
admits the equivalence transformations between its linear and nonlinear members
iff the transformation of the local coordinate y¯ involves the dependent variable
u.
Proof. When h = 0 in the equation, its corresponding infinitesimal generator in
the vector field (6) must be set zero, calling that form (13), we have explicitly
H =
∂µ1
∂x
+
∂µ1
∂u
v1 +
∂µ2
∂y
+
∂µ2
∂u
v2 −
∂ζ3
∂t
−
∂ζ3
∂u
v3 = 0. (25)
Inserting µ1, µ2 and ζ3 into the equation, by remembering that the infinitesimal
generators for local coordinates are found for the restriction ∂f
∂ut
= 0 in the
previous case as ξ1 = ξ1(x), ξ2 = ξ2(x, y, t, u), ξ3 = ξ3(t), η = η(x, y, t, u), we
have
(ηu + α
33 − ξ2y)u = (ηu + α
33 − ξ2y)y = (ηu + α
33 − ξ2y − ξ
1
x)x = 0, (26)
(ηu − ξ
2
y)u = (ηu − ξ
2
y +
1
2
ξ˙3)t = 0. (27)
From (26)
ηu + α
33 − ξ2y =
dξ1(x)
dx
+ a(t)
can simply be obtained, where a(t) is an arbitrary continuous function. Using
this result in the second equality of (27), α33 is found as
α33 =
1
2
ξ˙3 + a(t) + λ(x, y, u)
and substituting this into the previous equation we get
ηu − ξ
2
y =
dξ1(x)
dx
−
1
2
dξ3(t)
dt
− λ(x, y, u).
The first part of the equation (27) requires that ∂λ(x,y,u)
∂u
= 0. Thus the in-
finitesimal generator related to the dependent variable is obtained as
η = (
dξ1(x)
dx
−
1
2
dξ3(t)
dt
− λ(x, y))u +
∫
ξ2(x, y, t, u)du. (28)
Depending on the functional dependence of the infinitesimal generator ξ2 there
are two alternatives.
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• if ξ2 = ξ2(x, y, t), then from (28) we have the infinitesimal generator
η = (
dξ1(x)
dx
+ ξ2(x, y, t)−
1
2
dξ3(t)
dt
− λ(x, y))u + γ1(x, y, t)
which does not let η depends on u nonlinearly. Thus the equivalence
transformations can be set as
x¯ = x¯(x, ǫ), y¯ = y¯(x, y, t, ǫ), t¯ = t¯(t, ǫ), u¯ = α1(x, y, t, ǫ)u+α2(x, y, t, ǫ)
where α2 is a continuously differentiable arbitrary function and α1 is given
above. One can simply see that such type of transformations do not map
nonlinear and linear equations onto each other.
• if ξ2 = ξ2(x, y, t, u) with ξ2u 6= 0, maps between linear and nonlinear equa-
tions can be derived via the following transformations with y¯u 6= 0.
x¯ = x¯(x, ǫ), y¯ = y¯(x, y, t, u, ǫ), t¯ = t¯(t, ǫ), u¯ = u¯(x, y, t, u, ǫ)
which completes the proof.
3.1.2 Case
∂f
∂ut
=
∂f
∂uy
= 0
If the particular wave equation (1) is taken with such restriction then the addi-
tional variables s12, s13 are equal to zero, thus their corresponding infinitesimal
generators are
S12 = S13 = 0.
We have already examined the effects of S13 = 0 in the subsection 3.1. The
other restriction S12 = 0 drops the dependence of dependent variable in the local
transformations but as the following theorem states, transformations between
linear and nonlinear equations are still possible by taking ηuu 6= 0.
Theorem 2. The nonlinear wave type equation
f(x, y, t, u, ux)x + g(x, y, t, u, ux, uy, ut)y + h(x, y, t, u, ux, uy, ut) = utt
can only be linearized under an appropriate point transformation that u¯ =
u¯(x, y, t, u, ǫ) with ∂
2u¯
∂u2
6= 0.
Proof. After doing similar computations have been done in the previous cases,
restriction S12 = 0 from (18) explicitly yields
∂F 1
∂v2
= 0 ⇒
∂ζ1
∂v2
= 0,
∂µ1
∂v2
= 0
which restricts ξ2 to
∂ξ2
∂x
=
∂ξ2
∂u
= 0 ⇒ ξ2 = ξ2(y, t).
Thus the relevant generators become
ξ1 = ξ1(x), ξ2 = ξ2(y, t), ξ3 = ξ3(t), η = η(x, y, t, u) (29)
which points out that maps between linear and nonlinear members of the wave
type equation given in the theorem can only be generated by the nonlinear
dependence of η on u.
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3.1.3 Case
∂f
∂ut
=
∂f
∂uy
= h = 0
In addition to the previous case when h = 0, the structure of the equivalence
transformations changes dramatically. The following theorem explains the re-
sult.
Theorem 3. For the wave type equations given by
f(x, y, t, u, ux)x + g(x, y, t, u, ux, uy, ut)y = utt
there is no admissible point transformation between its linear and nonlinear
members.
Proof. Infinitesimal generators for fut = fuy = 0 are given by (29) in the previ-
ous case. Determining equation for vanishing h is also given in (25) explicitly.
To examine the effect of this restriction let us write µ1, µ2 and ζ3 under the
influence of (29)
µ1 = (α33 + 2ξ˙3 + ηu − ξ
1
x)f + α
11v1 + β
1,
µ2 = (α33 + 2ξ˙3 + ηu − ξ
2
y)g + 2ξ
2
t v3 + α
22v2 + β
2,
ζ3 = ηt + ξ
2
t v2 + (ηu + ξ˙
3)v3.
Substituting these into the equation (25) gives the following relations
(α33 + ηu)u = 0, (α
33 + ηu − ξ
1
x)x = 0, (α
33 + ηu − ξ
2
y)y = 0, (30)
ηuu = 0, (ξ
2 − ηu)t =
1
2
ξ˙3. (31)
The first part of equations (31) declares that the nonlinear dependence on the
dependent variable u is no more admissible for u¯. Therefore there is no transfor-
mation between linear and nonlinear members of the given family of equations.
The explicit solutions of the infinitesimal generators are determined as follows
ξ1 = ξ1(x), ξ2 = ξ2(y, t), ξ3 = ξ3(t), η = (ξ2y −
1
2
ξ˙3+λ(x, y))u+ γ(x, y, t).
3.2 Case
∂f
∂ut
=
∂g
∂ut
= 0
Examination of the absence of ut in the arbitrary function f is studied in the
case 3.1, in addition to this its absence in g can similarly be done. If both f
and g do not depend on ut, the following Lemma states the form of infinitesimal
generators by the solution of determining equations S13 = S23 = 0 related to
the vanishing additional variables s13 = s23 = 0.
Lemma 2. The particular family of wave type equations
f(x, y, t, u, ux, uy)x + g(x, y, t, u, ux, uy)y + h(x, y, t, u, ux, uy, ut) = utt
admits transformations between its linear and nonlinear members via the in-
finitesimal generators
ξ1 = ξ1(x, y), ξ2 = ξ2(x, y), ξ3 = ξ3(t), η = η(x, y, t, u), ηuu 6= 0. (32)
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Proof. The proof is straightforward.
In addition to the generators (32), the remaining infinitesimal generators are
ζ1 = ηx + (ηu + ξ
1
x)v1 + ξ
2
xv2, ζ2 = ηy + ξ
1
yv1 + (ηu + ξ
2
y)v2,
ζ3 = ηt + (ηu + ξ˙
3)v3,
µ1 = (α33 + 2ξ˙3 + ηu − ξ
1
x)f − ξ
1
yg + α
11v1 + α
12v2 + β
1,
µ2 = (α33 + 2ξ˙3 + ηu − ξ
2
y)g − ξ
2
xf − α
12v1 + α
22v2 + β
2,
(33)
and H can be evaluated by the formula given in (25).
3.2.1 Case
∂f
∂ut
=
∂g
∂ut
= h = 0
For this case the admissible point transformations changes dramatically as given
in the following theorem.
Theorem 4. The family of wave type equations given by
f(x, y, t, u, ux, uy)x + g(x, y, t, u, ux, uy)y = utt
does not admit any point transformation that maps linear and nonlinear equa-
tions into each other.
Proof. Infinitesimal generators for nonexistence of the term ut on both f and
g are given in the previous case by (32). Using H = 0 explicitly given by (25),
one can determine that η has to be
η = ξ1x − ξ
2
y −
1
2
ξ˙3 − λ(x, y, ))u + γ(x, y, t).
Since neither the infinitesimal generators of the local coordinates depend on u
nor η involves u nonlinearly, there is no point transformation that would transfer
linear and nonlinear members into each other for such type of family of wave
equations.
3.2.2 Case
∂f
∂ut
=
∂g
∂ut
=
∂h
∂ut
= 0
The results of the previous cases hint at that the dependence on ut is important
in order to be linearized. To clarify that, here we shall investigate the family of
nonlinear equations not depending on ut or its mixed derivatives.
Lemma 3. (2+1) dimensional family of wave equations that can expressed as
f(x, y, t, u, ux, uy)x + g(x, y, t, u, ux, uy)y + h(x, y, t, u, ux, uy) = utt
does not admit any point transformation that can map linear and nonlinear
members into each other.
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Table 1: Infinitesimal generators related to the local coordinates x, y and u for
particular functional dependencies of the family of equations fx + gy + h = utt.
Section f, g, h ξ1, ξ2, η, ξ3 = ξ3(t), admissible mapping
3
f(x, y, t, u, ux, uy, ut)
g(x, y, t, u, ux, uy , ut)
h(x, y, t, u, ux, uy, ut)
ξ1(x, y, t, u)
ξ2(x, y, t, u)
η(x, y, t, u)
L ⇐⇒ N
w. ξ1u 6= 0/ξ
2
u 6= 0
/ ηuu 6= 0
3.1
f(x, y, t, u, ux, uy)
g(x, y, t, u, ux, uy , ut)
h(x, y, t, u, ux, uy, ut)
ξ1(x)
ξ2(x, y, t, u)
η(x, y, t, u)
L ⇐⇒ N
w. ξ2u 6= 0 / ηuu 6= 0
-
f(x, y, t, u, ux, uy, ut)
g(x, y, t, u, ux, uy)
h(x, y, t, u, ux, uy, ut)
ξ1(x, y, t, u)
ξ2(y)
η(x, y, t, u)
L ⇐⇒ N
w. ξ1u 6= 0 / ηuu 6= 0
3.2
f(x, y, t, u, ux, uy)
g(x, y, t, u, ux, uy)
h(x, y, t, u, ux, uy, ut)
ξ1(x, y)
ξ2(x, y)
η(x, y, t, u)
L ⇐⇒ N
w. ηuu 6= 0
3.1.1
f(x, y, t, u, ux, uy)
g(x, y, t, u, ux, uy , ut)
0
ξ1(x)
ξ2(x, y, t)
η = γ1(x, y, t)u + γ2(x, y, t)
ξ2(x, y, t, u)
η =
∫
∂ξ2
∂y
du+ (dξ
1
dx
− 1
2
ξ˙3 − λ(x, y))u+ γ(x, y, t)
L/N ⇐⇒ L/N
L ⇐⇒ N
w. ξ2u 6= 0
N
-
f(x, y, t, u, ux, uy, ut)
g(x, y, t, u, ux, uy)
0
ξ2(y)
ξ1(x, y, t)
η = γ1(x, y, t)u + γ2(x, y, t)
ξ1(x, y, t, u)
η =
∫
∂ξ1
∂x
du+ (dξ
2
dy
− 1
2
ξ˙3 − λ(x, y))u+ γ(x, y, t)
L/N ⇐⇒ L/N
L ⇐⇒ N
w. ξ1u 6= 0
3.2.1
f(x, y, t, u, ux, uy)
g(x, y, t, u, ux, uy)
0
ξ1(x, y)
ξ2(x, y)
η = (ξ1x + ξ
2
y −
1
2
ξ˙3 + λ(x, y))u + γ(x, y, t)
L/N ⇐⇒ L/N
3.1.2
f(x, y, t, u, ux)
g(x, y, t, u, ux, uy , ut)
h(x, y, t, u, ux, uy, ut)
ξ1(x)
ξ2(y, t)
η(x, y, t, u)
L ⇐⇒ N
w. ηuu 6= 0
3.1.3
f(x, y, t, u, ux)
g(x, y, t, u, ux, uy , ut)
0
ξ1(x)
ξ2(y, t)
η = ξ2y −
1
2
ξ˙3 + λ(x, y))u + γ(x, y, t)
L/N ⇐⇒ L/N
-
f(x, y, t, u, ux, ut)
g(x, y, t, u, uy)
h(x, y, t, u, ux, uy, ut)
ξ1(x, t)
ξ2(y)
η(x, y, t, u)
L ⇐⇒ N
w. ηuu 6= 0
-
f(x, y, t, u, ux)
g(x, y, t, u, uy)
0
ξ1(x, t)
ξ2(y)
η = (ξ1x −
1
2
ξ˙3 + λ(x, y))u + γ(x, y, t)
L/N ⇐⇒ L/N
3.2.2
f(x, y, t, u, ux, uy)
g(x, y, t, u, ux, uy)
h(x, y, t, u, ux, uy)
ξ1(x, t)
ξ2(x, y)
η = (λ(x, y)− 1
2
ξ˙3)u+ γ(x, y, t)
L/N ⇐⇒ L/N
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Proof. In addition to the determining equations examined in section 3.2, here
the infinitesimal generator T 3 must vanish as t3 = ∂h
∂ut
= 0. From (18) we have
∂G
∂v3
= 0.
By resorting to G, the foregoing equation is reduced to
∂H
∂v3
= 0. Since µ1 and
µ2, which are the components of H do not involve v3 (see (33)), the following
equation is obtained on the other component ζ3:
∂2ζ3
∂t∂v3
+
∂2ζ3
∂u∂v3
v3 +
∂ζ3
∂u
= 0.
Introducing ζ3 given in (33) into the equation we observe
η = (λ(x, y)−
1
2
ξ˙3)u+ γ(x, y, t) (34)
where λ and γ are continuously differentiable functions of their arguments. This
result with the results of the infinitesimal generators of local coordinates ξ1 =
ξ1(x, y), ξ2 = ξ2(x, y), ξ3 = ξ3(t) from (32) together ends the proof.
Corollary 2. In view of the results of Cases 3.1.3, 3.2.1 and 3.2.2, in order
to linearize a nonlinear member of a family of (2+1) dimensional wave type
equation, at least one of the arbitrary functions f, g or h must involve ut.
One can examine existence of point transformations between linear and non-
linear equations for every other different choice of functional forms of arbitrary
functions f, g and h, by running similar procedures. We have given the re-
sults examined in details in the manuscript and some more in the Table 1. The
first column of the table shows in which section the problem is examined in the
paper. − means calculations of that particular problem have not been given
explicitly in the text. Second column express the infinitesimal generators of
the local coordinates whereas the last column indicate whether transformations
between linear and nonlinear equations are possible or not. L ⇐⇒ N states the
existence of linearization. If transformations map only a linear equation into
another linear one or a nonlinear one into another nonlinear we represent that
by L/N ⇐⇒ L/N.
4 Applications
In this section we shall give some applications that map linear and nonlinear
equations into each other. Infinitesimal generators for the general family, in
their most general form is given by (16). By taking some continuously differ-
entiable functions-as infinitesimal generators, a class of nonlinear equations can
be mapped onto linear equations.
4.1 ξ1 = m(u), ξ2 = ξ3 = η = 0
Let us take ξ1 = m(u), ξ2 = ξ3 = η = 0 where m(u) ∈ C2. Integrating the
system of ordinary differential equations (7) under the initial conditions (8) we
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reach to the particular equivalence transformations
x¯ = x− ǫm(u), y¯ = y, t¯ = t,
v¯1 =
v1
1− ǫm′(u)v1
, v¯2 =
v2
1− ǫm′(u)v1
, v¯3 =
v3
1− ǫm′(u)v1
, (35)
f¯ = f −
ǫm′(u)(g v2 − v
2
3)
1− ǫm′(u)v1
, g¯ =
g
1− ǫm′(u)v1
, h¯ =
h
1− ǫm′(u)v1
.
By using the partial derivatives that can be written as:
∂
∂x¯
=
∂
∂x
∂x
∂x¯
+
∂
∂x
∂x
∂u¯
∂u¯
∂x¯
+
∂
∂u
∂u
∂u¯
∂u¯
∂x¯
= (1 +m′(u)v¯1)
∂
∂x
+ v¯1
∂
∂u
,
∂
∂y¯
=
∂
∂y
+ ǫm′(u)v¯2
∂
∂x¯
+ v¯2
∂
∂u
,
∂
∂t¯
=
∂
∂t
+ ǫm′(u)v¯3
∂
∂x¯
+ v¯3
∂
∂u
.
the transformed functions obtained in (35) keep the family of equations invari-
ant:
f¯x¯ + g¯y¯ + h = v¯3t¯ ⇒ fx + gy + h = v3t . (36)
and the transformed functions f¯ , g¯, h¯ and v¯3 are written in terms of the trans-
formed variables as:
f¯ = f˜ + ǫm′(u¯)
(
u¯2
t¯
1 + ǫm′(u¯)u¯x¯
− u¯y¯g˜
)
,
g¯ = (1 + ǫm′(u¯)u¯x¯)g˜, h¯ = (1 + ǫm
′(u¯)u¯x¯)h˜, v¯3 = u¯t¯
where (˜) represents the transformed form of the functions.
Example 1: By choosing f = ux, g = 0 and h = 0, the set of the point
transformations obtained above is mapped the nonlinear equation(
ǫm′(u¯)u¯2
t¯
+ u¯x¯
1 + ǫm′(u¯)u¯x¯
)
x¯
= u¯t¯t¯ (37)
onto the classical constant coefficient wave equation in the plane uxx = utt. The
general solution of the wave equation u = ψ(y)(t− x) + φ(y)(t+ x) generates a
solution to the nonlinear equation (37):
u¯− ψ(y¯)(t¯− x¯− ǫm(u¯))− φ(y¯)(t¯+ x¯+ ǫm(u¯)) = 0
where ψ(y¯) and φ(y¯) are arbitrary functions.
4.2 ξ1 = m(u), ξ2 = p(u)
More general transformations, by taking the infinitesimal generators of the local
coordinates ξ1 = m(u), ξ2 = p(u), ξ3 = η = 0 are determined as:
x¯ = x− ǫm(u), y¯ = y − ǫp(u), t¯ = t, u¯ = u,
v¯1 =
v1
1− ǫ(m′v1 + p′v2)
, v¯2 =
v2
1− ǫ(m′v1 + p′v2)
, v¯3 =
v3
1− ǫ(m′v1 + p′v2)
,
f¯ =
(1− ǫm′v1)f − ǫm′(v2g − v23)
1− ǫ(m′v1 + p′v2)
, g¯ =
(1− ǫp′v2)g − ǫp′(v1f − v23)
1− ǫ(m′v1 + p′v2)
,
h¯ =
h
1− ǫ(m′v1 + p′v2)
.
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The transformed functions become
f¯ = (1 + ǫp′u¯y¯)f˜ − ǫm
′u¯y¯g˜ +
ǫm′u¯2
t¯
1 + ǫ(m′u¯x¯ + p′u¯y¯)
,
g¯ = (1 + ǫm′u¯x¯)g˜ − ǫp
′u¯x¯f˜ +
ǫp′u¯2
t¯
1 + ǫ(m′u¯x¯ + p′u¯y¯)
,
h¯ = (1 + ǫ(m′u¯x¯ + p
′u¯y¯)h˜, v¯3 = u¯t¯.
Note that in consequence of nonconstant m(u), and p(u), f¯ and g¯ involve
u¯x¯, u¯y¯, u¯t¯ whatever f, g are. On the other hand h¯ depends on u¯x¯, u¯y¯ as
long as h is not identically zero.
4.3 ξ1 = m(u, y), ξ2 = ξ3 = η = 0
Let ξ1 = m(u, y), ξ2 = ξ3 = η = 0, then the equivalence transformations are
determined as:
x¯ = x− ǫm(u, y), y¯ = y, t¯ = t,
v¯1 =
v1
1− ǫmu(u, y)v1
, v¯2 =
v2
1− ǫmu(u, y)v1
, v¯3 =
v3
1− ǫmu(u, y)v1
,
f¯ = f −
ǫ[(my(u, y) +mu(u, y)v2)g +mu(u, y)v
2
3 ]
1− ǫmu(u, y)v1
, g¯ =
g
1− ǫmu(u, y)v1
,
h¯ =
h
1− ǫmu(u, y)v1
.
And the transformed functions of f, g, h become
f¯ = f˜ − ǫ[my¯ +mu¯(1− ǫmu¯u¯x¯)u¯y¯]g˜ −
ǫmu¯u¯
2
t¯
1 + ǫmu¯u¯x¯
,
g¯ = g˜(1 + ǫmu¯u¯x¯), h¯ = h˜(1 + ǫmu¯u¯x¯).
Note that f¯ depend on u¯x¯ and u¯t¯ whatever f˜ , g˜, h˜ are.
4.4 ξ2 = m(u, x), ξ2 = ξ3 = η = 0
Similar to the previous case, equivalence transformations are found as
x¯ = x, y¯ = y − ǫm(u, x), t¯ = t, u¯ = u,
v¯1 =
v1 + ǫmxv2
1− ǫmuv2
, v¯2 =
v2
1− ǫmuv2
, v¯3 =
v3
1− ǫmuv2
,
f¯ =
f
1− ǫmuv2
, g¯ = g −
ǫ[(mx +mu)v1)f +muv
2
3 ]
1− ǫmuv2
, h¯ =
h
1− ǫmuv2
.
Transformed functions f¯ , g¯ and h¯ are then written as
f = (1 + ǫmu¯u¯y¯)f˜ , g¯ = g˜ − ǫ[mx¯ +mu¯(1− ǫmu¯u¯y¯)u¯x¯]g˜ −
ǫmu¯u¯
2
t¯
1 + ǫmu¯u¯y¯
,
h¯ = (1 + ǫmu¯u¯y¯)h˜.
One can simply see g¯ involves u¯x¯ and u¯t¯ for mu 6= 0 even g˜ = 0.
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5 Conclusion and Remarks
In the present paper we have investigated the admissible linear and nonlinear
members of the general family of two dimensional wave equations that can be
mapped onto each other. It is clear that because the family is taken in its most
general form, it has not been possible to consider every particular member. We
have tried to give as many cases as we can put in the article to make sure the
reader understand the procedure, so that many other particular cases can be
examined by simply applying the relevant restrictions to the general infinitesimal
generators derived here.
We have found the necessary functional dependencies of nonlinear equations that
can be linearized and their admissible equivalence transformations. Meanwhile
it has been shown that the term ut is a must for the existence of maps between
linear and nonlinear equations via point transformations.
References
[1] Lie S. U¨ber differentialininvarianten, Math.Ann.,1884, 24, 537-578.
[2] Lie S. Klassifikation und Integration von gewo¨hnlichen Differentialgleichun-
gen zwischen x,y, die eine Gruppe von Transformationen gestatten I, II.
Math. Ann., 1888, 32, 213-281.
[3] Lie S. U¨ber Integralinvarianten und Ihre Verwertung fu¨r die Theorie der
Differentialgleichungen, Leipz Berichte, 1897, 4, 369-410.
[4] Tresse A. Sur les invariant diffe´rentiels des groupes continus de transfor-
mations, Acta Math. 1894, 18, 1-88.
[5] Ovsiannikov L.V., Group Analysis of Differential Equations, Academic
Press, New York, 1982.
[6] Olver P.J., Applications of Lie Groups to Differential Equations, Springer,
1993.
[7] Ibragimov N.H., Elementary Lie group Analysis and Ordinary Differential
Equations, Wiley, New York, 1999.
[8] Suhubi, E., 2013. Exterior Analysis: Using Applications of Differential
Forms, Elsevier.
[9] Suhubi, E.S., Explicit determination of isovector fields of equivalence
groups for second order balance equations., Int. J. of Engng. Sci. 38.7
(2000): 715-736.
[10] Cartan E., Les Syste´mes Diffe´rential Exte´rieurs et Leurs Applications
Ge´ometriques. Hermann, Paris, 1945.
[11] B.K. Harrison, F.B. Estabrook, Geometric approach to invariance groups
and solution of partial differential systems, J. Math. Phys. 12, 653-666,
1971.
[12] Edelen D.G.B. , Isovector Methods for Equations of Balance, Sijthoff No-
ordhoff, Alphen aan den Rijn, 1980.
16
[13] O¨zer S., S¸uhubi E.S., Equivalence Transformations For First Order Balance
Equation , Int. J. Engng. Sci, 42, 1305-1324, 2004.
[14] S¸uhubi E.S., Equivalence Groups for Balance Equations of Arbitrary Order
- Part I, Int. J. Engng Sci., 42, 1729-1751, 2004.
[15] S¸uhubi E.S., Explicit Determination of Isovector Fields of Equivalence
Groups for Balance Equations of Arbitrary Order - Part II, Int. J. Engng
Sci., 43, 1-15, 2005.
[16] O¨zer, S., On the equivalence groups for (2+ 1) dimensional nonlinear diffu-
sion equation. Nonlinear Analysis: Real World Applications, 43, 155-166,
2018.
[17] Tracina, R., Invariants of a family of nonlinear wave equations. Commu-
nications in Nonlinear Science and Numerical Simulation, 9(1), 127-133,
2004.
[18] Song, L. and Zhang, H., Preliminary group classification for the nonlin-
ear wave equation utt = f(x, u)uxx + g(x, u). Nonlinear Analysis: Theory,
Methods & Applications, 70(10), 3512-3521, 2009.
[19] Ibragimov, N.H., Torrisi, M. and Tracina`, R., Quasi self-adjoint nonlin-
ear wave equations. Journal of Physics A: Mathematical and Theoretical,
43(44), p.442001, 2010.
[20] Bihlo, A., Dos Santos Cardoso-Bihlo, E. and Popovych, R.O., Complete
group classification of a class of nonlinear wave equations. Journal of Math-
ematical Physics, 53(12), 123515, 2012.
[21] Long, F.S. and Meleshko, S.V., On the complete group classification of the
one-dimensional nonlinear Klein-Gordon equation with a delay. Mathemat-
ical Methods in the Applied Sciences, 39(12), 3255-3270, 2016.
[22] Ibragimov, N.H., Conservation laws and non-invariant solutions of
anisotropic wave equations with a source. Nonlinear Analysis: Real World
Applications, 40, 82-94, 2018.
[23] O¨zer, S., On the Solution to Nonlinear Wave type Equations via Lie’ s
Approach, Proceedings of the International Conference on Mathematics
”An Istanbul Meeting for World Mathematicians” Istanbul, Turkey, 3-6
July 2018 (to be appear).
17
